A NEW PROOF AND GENERALIZATIONS OF THE
CAUCHY-KOWALEWSKI THEOREM(!)

BY
AVNER FRIEDMAN

Introduction. In 1842 Cauchy proved an existence theorem for analytic
nonlinear differential equations of the second order, which was extended in
1875 by S. Kowalewski to general analytic nonlinear systems of differential
equations and became known as the Cauchy-Kowalewski theorem. In his
proof [1; 6] Cauchy uses the method of majorants (which he calls “Calcul de
limites”). This method consists of (a) inserting an analytic expansion for the
solution into the differential equation and thus obtaining recursive formulas
for the coefficients of the expansion, and (b) estimating these coefficients and
thus proving that the formal solution is a genuine one. The essence of the
method lies in the fact that a direct estimation can be avoided. Indeed,
Cauchy constructs a simple “majorant problem” which can be solved ex-
plicitly and its solution establishes the desired estimates.

In 1874 S. Kowalewski, apparently unaware of the work of Cauchy, ex-
tended (in her thesis) his results to general nonlinear analytic systems. Her
work, which appeared in 1875 [18] contains the result of Darboux [7] (the
same year) who has also extended the work of Cauchy. The proof as it is
known today is a simplification of the proof of Kowalewski and it is due to
Goursat [15] (see also [16; p. 360]). All the above proofs are based on the very
same ideas of Cauchy, mentioned above. A method based on direct estimates
of the coefficients was given by P. Lax [19]; see §3.

Some work has been done in the direction of extending the C-K (Cauchy-
Kowalewski) theorem to nonanalytic equations. For the system

*u  ou ou(x, 0)

o o u(z, 0) = éi(x), — ;
it was proved by LeRoux [20] in 1895 and by Holmgren [17] in 1908 that if
- @1, @2 belong to class 2 of Gevrey (that is, if |6"¢.-/8x"| S Aod*(2n)! for some
-constants Ao, 4 and for all #20) then there exists one and only one analytic
- (in #) solution. This result was extended in the last decade to more general
equations. Salehov and Friedlender [10], Pucci [21], Friedlender [11]} and
others mentioned in [10; 11] considered various special linear equations. In
1959 Friedlender [12] extended this also to a special class of nonlinear equa-
tions. The method he uses is based on the same scheme ((a), (b) above) of
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Cauchy, but he derives direct estimates on the derivatives. The estimates are
not strong enough to solve the problem for general nonlinear equations.

In this paper we give a new proof of the C-K theorem (for general non-
linear systems), and in fact, we prove a more general theorem which allows
certain degree of nonanalyticity in the system. In particular, our theorem
contains as very special cases all the above mentioned results about non-
analytic equations. Our proof is based on the following simple observation:
By differentiating appropriately the differential equation one obtains recur-
sive formulas for the derivatives of the solution, provided it exists. Next, one
may try to obtain successively a priori bounds on the derivatives of the solu-
tion. Finally, after these bounds have been derived, one can construct the
solution as a power series in the distinguished variable with coefficients ob-
tained from the recursive formulas (and for which, therefore, we have already
a priori bounds).

In order to accomplish this program we must know how to estimate the
derivatives of a function f(#(x)) nonlinear in %, when we are given bounds
on the derivatives of #. Such a problem we have already encountered in our
work [13] on the differentiability and analyticity of solutions of nonlinear
elliptic systems. We use some essential ideas of that paper for the treatment of
the present problem.

In Part I we prove a generalization of the C-K theorem for one equation.
For the sake of clarity we first prove it for a special nonlinear equation and
then for the general equation. In Part II we prove a theorem which general-
izes the C-K theorem for general (nonlinear) systems. We note that in our
proof it is not necessary to reduce the given systems to a first-order system
as is done in the classical proof. In Part I1I we generalize the results of Part I
to the case of several distinguished variables. More precisely, we prove a
theorem which contains, in particular, a solution of the Goursat problem for
an analytic equation. A special result was derived in [12]. Finally, in Part
IV we consider systems which contain as a very special case systems intro-
duced by Duff [8] in his study of mixed problems.

PArT I. THE CASE OF ONE EQUATION

1. Notations and results. In Part I we shall consider the case of one equa-
tion and prove a theorem which contains as a special case the C-K theorem
for one equation. For the sake of clarity we first state a typical special case

-(Theorem 1) and then state the general result (Theorem 2). Theorem 1 is
proved in §§2-4 and Theorem 2 is proved in §5. We need a few definitions and
notations.

Letx=(x1, - - -,%n),v=(vy, * - -, vs) where x;, 9; are real variables. By a
region we mean a domain plus a part of its boundary. We define D;=9/dt¢ for
t real, D,=any partial derivative with respect to one of the x;; similarly for
D,. A function g(x, ¢, v) is said to belong to class (&, 9, 05) in a region D
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(8; non-negative), if g(x, ¢, v) is indefinitely differentiable in D, and if there
exist constants Hy, H such that for any (x, ¢, v) in D, :

(819) 1(827) !(8sk)! (5,5,k=10,1,2, )

where, by definition, (8:4)!=T'(8:2+1), etc. For later use we also define a!=0
for any @ £0. Note that if one of the §; is equal to 1, then g is analytic in the
corresponding variable. Note also that if we replace the inequalities (1.1) by
the inequalities '

(1.1) | D:DiDig(x, ¢, v)| = H.E™

i d L ) . . :
(1.2) | D.DiDug(x, 1, v)| S HoH\HaHy(b1i — a1)!(62f — as)!(dsk — as)!

for any constants ai, az, a3 depending on g, then we obtain the same class
(81, 82, 85). Also note that if we replace (1.1) by the apparently weaker inequal-
ities

(1.3) | DiDiDig(x,1,9)| < BB (8 + 80j + 84b)!

we again get the same class (8, 8, 8;). The proof is immediate in view of the
inequality (y;=0)

(yim + yam)! £ MoM™(yim) \(yan)!

for some My, M independent of m, n.
If g=g(x, t) is of class (61, 8, 85), then we say that g is of class (8, 82).
We now consider the differential equation

(1.4) Diu = f(x, t, D; D), (@+r<Spr<p),

where x varies in a bounded region B and |t| Sto (80>0). We take, for the
initial conditions,

1.5) Diu(x, 0) = 0, 0sksp-—1

In order to consider the system (1.4), (1.5), f(x, ¢, v) (v a real variable)
must be defined for xEB, |¢| Sto, |v| Svo for some v,>0. Note that the con-
dition g¢+4r=p appears in the classical C-K theorem; thus it follows that

(p—n)/q21.

THEOREM 1. Let f(x, t, v) be of class (8, 1, 1) in the region defined by x& B,
|t| Sto, |9| Svo, where 1 S8 (p—r)/q. Then there exists one and only one solu-
tion u(x, t) of (1.4), (1.5) which is analytic in t near t=0. Furthermore, u(x, t)
is of class (6, 1) for xEB, |t| =t for some ;>0 sufficiently small.

Note that the condition § £ (p—r)/q is sharp, since it is sharp already for
the special equation D,u= D24 [10; 17; 20].

We next state the general theorem, which contains Theorem 1. It con-
siders the differential equation
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(1-6) D‘:u:f(x;t)“,'"’D:iD:‘“:"°)a (Qi+fi§?,'i<?)-

THEOREM 2. Let f(x, t, v) (wherev= (v, - - -, vg)) be of class (5, 1, 1) in the
region defined by xEB, ltl Ste, I VASY, where 1S3 Smin(p—r;)/qi. Then
there exists one and only one solution u(x,t) of (1.6), (1.5) which is analytic in
t near t=0. Furthermore, u(x, t) is of class (3, 1) for x€B, |t| St for some $,>0
sufficiently small.

The case of nonhomogeneous initial conditions

a.7) Deu(x, 0) = u(%) Osk<p—1),
with the ¢ being of class 8, easily follows from Theorem 2 by substituting
=1l tk
(1.8) o(x, ) = u(x, ) — 3, T du(x).
k=0

Here we use the fact that an analytic function of a function of class 8 is of
class 8. (This follows, for instance, by the considerations of [11].) It thus
follows that Theorem 2 remains true also for the system (1.6), (1.7), provided
the ¢i(x) are of class o.

Note that in the special choice =1 we obtain the C-K theorem for one
differential equation.

From the proof of Theorems 1, 2 it will become clear that the following
generalization is true:

If f(%1, + * +, %n, &, ¥) is of class §; in x; (1SS N) and of class (1, 1) in
(¢, v) and if 156;Smini(p—r,)/q., then the solution u(x, f) is of class §; in
each x; and of class 1 in ¢

This generalization can also be appropriately extended for the case of the
nonhomogeneous initial conditions (1.7), for the case of differential systems
discussed in Part II, for the Goursat problem discussed in Part III, and for
the mixed problems of Part IV.

In §2 we reduce the proof of Theorem 1 to the proof of deriving, by induc-
tion, a priori estimates on the derivatives of the solution. To establish these
estimates, we need a lemma which is proved in §3. The proof of Theorem 1 is
completed in §4. In §5 we modify the proof of Theorem 1 and thus derive a
proof of Theorem 2.

2. Reduction to recursive inequalities. Suppose there exists an analytic

_solution u(x, f) = > ua(x)t*. Then, by (1.5), #x(x) =0 for 0Sk<p—1, and by
(1.4) the successive ¢-derivatives of #(x, f) at t=0 are determined recursively
in a unique manner. This proves the uniqueness of the #,(x) and, hence, of
the solution #(x, ¢). To prove existence, we shall establish by induction that

m42k—q—2r—1

2.1 | DiDiu(x, 0)| < HoH (om+k—bg—r — 4)!
for all k=p, m=0 (which implies that m+2k2g+2r+1).



1961] THE CAUCHY-KOWALEWSKI THEOREM 5

Once (2.1) is established, the proof of Theorem 1 can be completed as
follows. We construct a function

[

(2.2) a(x, £) = 2 w(x)t * Wwhere klu(x) = D:u(x, 0).

k=p

By (2.1), #(x, t) is analytic in £. Hence, in order to prove that it satisfies (1.4),
we have only to prove that if we differentiate both sides of D}u(x, ¢)
=f(x, t, DID}ii(x, t)) n times with respect to ¢ (for any #20) and then sub-
stitute =0, we obtain equality. Now, the desired equality is exactly the equa-
tion by which we have recursively defined D}*?u(x, 0), and since Dfu(x, 0)
=Da(x, t)l t=0, our proof is completed. Hence, #(x, £) is a solution of (1.4).
It thus remains to prove that #(x, t) is of class (3, 1).
Now by (2.2), (2.1) we conclude that

k| Diu(x)| = | D: Diu(x, 0)| s C.HI (om + E)!
for some constants C;, H;. Hence

m i sm+ B! | i
| D; Diai(x, 1) | g;k(k—l)---(k—n+1)clHT”£—7:—)— | eff

< C:Hy " (om + n)!

for some constants C,, H,. This completes the proof of Theorem 1. It thus
remains to prove (2.1).
We remark if we replace (2.1) by the simpler inequalities

(2.3) | DZ Diu(x, 0)| < HoH™ " (6m + k)!

then our method, given below, fails. The reason will be made clear at the end
of §3.
In order to prove (2.1), we first choose Hy=1 such that

(2.4 - | DiDu(x,0)| S Hy if m+2k<q+2r+1.

(Actually, if m+2k<g+2r+1 then, necessarily, k<p and, hence, the left
side of (2.4) vanishes.) The constant H will be determined in the inductive
passage from k to k+1. We assume that (2.1) holds for all k<n+p (n20) and
all m=0, and we shall prove it for k=n-+p and all m =0, that is (in view of
(2.4)) we shall prove that

l m _n+p m+2n+2p—q—2r—1

(2.5) | D:D; u(x, 0)| < HH @m+n+p—og—r—4)!

for all m 20 for which m+2n+2p =g+ 2r42. We shall need a lemma which
we prove in the following paragraph.
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3. An elementary lemma. Let W(x, ¢) be a function satisfying

| DEDiW(©0,0)| S U for 0SESn0Sm< .
Then we write
W&U
where .
© © x+...+x mtk
U(x,z)=22U,,,,(‘ Lkl

M kim0 m! k!

where the definition of Un: for k>n is immaterial; for simplicity we may
sometimes take Unr=0 for k>n. We say that U(x, ) majorizes W(x, t) at
(0, 0) up to degree n. Note that the power series of U is only a formal series;
it need not be convergent. We shall be concerned with the following question:
Given a U which majorizes W, find U; which majorizes W7, for each j=2.
More specifically, we assume that
m M Mm+2%=1 (3m + k — 4)! f1sk=sn
@3.1) | DIDw(,0)] g{ ’ ( ) ) ’
if k=0,
where M =1. We shall prove:

LEMMA 1. Assume that (3.1) holds for all m=0. Then there exists a con-
stant K, depending only on 8, such that, if j=1,
P .. KMo\ ! x N + )™ Ik
(3.2 WikY E( °> MoM™2—1(om + k — 4)! (ot ' ») o
m: H

m=0 k=l

Proof. For the sake of simplicity we agree to write D7 = D; whenever m=s.
Since our estimates do not depend on the particular variables with respect to
which the partial differentiation is performed, this agreement is justified. We
then can use the Leibnitz law:

m j m j— 1id m -1 __m—,
(3.3) Diw = Dhow ') = E()\)D:Wl ' Mw.
Am=0
From now on to the end of the proof, C will be used to denote any positive
_ constant depending only on é.
We proceed to prove (3.2) for j=2. Using (3.3), (3.1) we get

m _n m m n—1 n y — s
| B0 fwsmon = 35 (") E (") 1 00| | 0201w
(3 4) pme0 \ KU/ y=1 \ ¥V
) m m n—1 n
= E( ) Z( )MoM“+2’_l(8p, 4+ v - 4) |M (M m—u+2n—2—1
p=0 \ M/ ym1 \ ¥V

-(om —du+n—v— 4.
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We proceed to estimate

IEgg(:)(:)(ag+v—4)!(sm—s,4+n—v—-4)1

and, in fact, prove that
ISCom+n—4)).

Since this inequality holds for each separate term in the sum of I, it is enough

to consider |
m\ [ n

r= XX ( )( )(6p+v—4)!(8m—5y+n—v—4)l.
4S8utrvSimin—4 \ K 4

There are two possibilities: either du-+v = (dm+n)/2 or du+v <(dm+n)/2.

It is enough to consider the partial sum corresponding to the first possibility

(we call it I"") since the remaining sum can be treated similarly (by replacing

u, v by m—u, n—»). We have

m\ [ n 1
I"éCl.u.b.( )( )(8y+v—4)!(8m—6y+n—v)! E - -
Y m v a0 (1 +7)*

< Lub (m)(">(s + 9)1(m — o4 + 1 — 1)!
= omt ) .l'i.v . u ) u + v)(dm u+ n— !

SClem+n—4)!

where the last inequality can be verified directly. Indeed, for =1 this re-

duces to
)=
m m—pu = m ]

whereas if 6 > 1 we also have to use the inequality, for u > 1/(6 — 1),
m—u>1/(6-1),

(On + »)!

(u+1+1')"'([5#]+1')m

(m—p+n—yv-

ém — du +n — v)!
([om — su] +n —»)!
(om + n)!
([om] + m)!

([6m — du] +n —»)

SCm+1+n) - ([om]+n)

Substituting the estimate on I into (3.4), we get

m+2n—2

| DIDW®| < CMoM

(3.5 KM,
= ( v, )MoM"‘”"“‘(&m +n—4)L

m + n — 4)!
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The proof for j=2 is thus completed.

The proof for j =3 follows exactly in the same manner, by using (3.3) with
j=3, and applying (3.1) and (3.2) with j=2. The passage from j to j+1, for
any j, is also proved in the same manner. We therefore omit further details.

REMARK. The importance of Lemma 1 is that it shows that if we have a
priori bounds on the derivatives of W, we then have also a priori bounds on
the derivatives of Y.; 4;Wi provided IA jl Sconst. < ©, M>KM,, and that
the latter bounds are of the same order of magnitude as the bounds cor-
responding to W. This is precisely the kind of estimates which are required in
handling nonlinear problems (compare [13]). If we replace (3.1) by

(3.6) | DEDW | = MoM™ ™ (om + B)! = Ups

then the coefficients of U?, [P, etc. will increase with the powers of U and
we shall not obtain useful majorants for W2, W3, etc.

In order to be able to use Lemma 1 we assumed (2.1) instead of (2.3). Thus,
we assume slightly stronger bounds and prove slightly stronger bounds.

In [19] P. Lax proves the C-K theorem for first order systems of ordinary
differential equations and, as he mentions, the proof can be extended to first
order partial differential equations. He first writes down a formal power series
for the solution and then estimates the coefficients directly with the aid of the
power series f(x) = _x7/(j+1)? which has already been introduced by Gevrey
[14]. The underlying idea in introducing the above function is similar to that
which led us, in a different way, to introduce Lemma 1.

4. Completion of the proof of Theorem 1. Throughout this paragraph C
will be used to denote any constant independent of H. By assumption we
have

4. 1) f(x) 3 v) = E a,-(x, t)vf
j=0
where
m+-2n+4-5

(4.2) | D: Diai(x, )| < 4o4 Gm+n—4)! (mn=012---).

We now proceed to prove (2.5) for any x in B. Without loss of generality
we may take x=0, since the general case follows immediately by translation
of x. By (1.4), (4.1), we have

| D Di*"u(0, 0)| = | D; Dif(x, t, DiDiu(x, ) | .0=00
4.3 m . n m o /m " n
(4-3) = | D; D{a:(0,0)| + E( ) Z( )
p=0 \ %/ ymp—r \ ¥V

- 2 | DX D 6;0,0) | | DD D:Dw(0,0)]7] .
izl
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Note that if # <p—r the second term on the right side of (4.3) does not ap-
pear. It will be enough to consider the case n=p—r.
Since v+ <n+p, we can apply Lemma 1 with

W(x, t) = DiDw(x, ).

(Here we make use of the inductive assumption (2.1) with k<n+p.) We
conclude that

KH -
°) HoH”“ ‘Oou + v — )L

(4.4) | DLDY[DiDW]| = (

Substituting (4.4) into (4.3) and using (4.2), we get

| DI D ul

nim\ X/ n
= Z( ) E( ) Z Aodmeten—2+i(ge — fu +n — v — 4)!
u=0 \ M/ y=1 \ ¥V j

4.5
( ) KH, =1
X (—E-I—> HoH 213 + v — 4) ! 4+ AgA™22(5m + n — 4) 1.

To estimate the sum we take H>2KH,A, H>2A and find the upper
bound

CH H™+1 l.u.b.(m><n> Om—u+n—v—4)0u+v— 4!
U v

By

< CHH™™ \(bm + n — 4)\.

Hence,

m+2n—1

4.6) | DEDI"u(0,0)| < CHH™ " "(om+n— )1 < HH™ "(6m + n — 4)!
provided H2C. To complete the proof of (2.5), we only have to verify that
m+2nE=m+2n+2p—q—2r—1,
mtn—A4<tmtntp—idg—r—4

These inequalities reduce to
20-Nzq+1, sqSp—r

The first one follows by recalling that p—r>g, p—r=1, whereas the second
inequality follows by assumption (here is the only place where the restriction
on the upper bound of § =1 is used).

REMARK. We could take the power of H on the right side of (2.1) to be

m+yk—qg—yr—1
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for any v satisfying y(p —r) >¢ and then the above proof remains valid with
slight modifications.
5. Proof of Theorem 2. Let (p, ¢) be a pair (p;, ¢;) which satisfies:

(5.1) 8¢ + r = 8q; + r; = max (8¢; + rs).
1

Let (¢, ') be a pair (P, gx) which satisfies
(5.2) ¢ + 2¢ = qo + 2n = max (¢; + 2r,).

We now proceed as in the proof of Theorem 1, with some modiﬁcationé.
We replace (2.1) by

(5.3) | DDz, 0)| = HH™" T om+ b — 8g — r — 4L
Instead of (4.1) we have

(5.9) [ 0) = Xt O - 0

where

(5.5) | D Digj,..5.(x,8)| < Aod™ ™ o + 0 — )1,

In analogue with (4.3) we have (for n=p—r;, which is assumed for the
sake of simplicity)

5.6) | DiDu(0,0)| = X ("') > (':) ’E’ | DI*D}"a;,...1.(0,0) | 7

I
where

J = D.D[(DEDiw)™ - - - (D¥Diw)"].

Here go=r»=0, for some k, may also be admitted.
For any fixed ¢, 1 £¢<s, we introduce

W(, 1) = D: Diu(x, 1).
Then, for ¢ <n+p, we have by the inductive assumption,
| D.DW(0,0)| < Ho (o + o+ 8q;+ri—dg—r— 4)!
.1 s BEM et e -9,

where in the last inequality we made use of the definitions (5.1), (5.2). The
inequalities (5.7) show that we can use Lemma 1. We thus obtain, if j;21,

Hp+2v+q¢+2ra—q'—2r’—l

o e KHy\i1 -
(5.8) | DLDYDY D} uy”| g( H°) HH ™ (6o + o — )1,
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We now proceed by induction on the index s appearing in the definition

of J, assuming first that all the j; are 1.
For s=1 we have nothing to prove. For s=2 we have, using (5.8),

FED> ( . ) 2 ( ;) | D:D(D' D)™ | | D2 D (D D'wy ™|
a a 8 .

@9 5(G) merm ZE(T)(7)ers -0
O —dat+v—f— 4!

KHy\irti—?
C( H ) HoH*»" (0 + v — 4),

where the last inequality follows by the calculation (of the I) in §3. For s=3
we write

A

> (:) > ( B) (02D DE DY) (DY D) ™)]

X [DL° D (DD,

then proceed as in the case s=2, making use of (5.8), (5.9). We obtain

KH\ htiti3
| 7] = c( = ) HoH++o=1(3u + » — 4) 1.

It is now clear that J can be estimated in the same manner for any given s.
If not all the j; are =1, then some of them are =0, so that the corresponding
factors (D,%D,)7iare replaced by 1. The previous procedure of establishing an
estimate of J is clearly unchanged. Substituting the estimate on J into (5.6)
we obtain after simple calculation (as in §4, (4.5), (4.6)),

I m _n+p m+2n

(5.10) D D; "u(0,0)| < HH
(5.10) implies (5.3) with k=n+p if

m+2mm<m+2n+2p—¢qg —2r -1,
m+n—4=m+n+p—06¢g—r—4.

Om+n— 4)\.

In view of (5.1), (5.2) these inequalities are equiValent to
(5.11) 20-m)za+1, d=p—r1p

and these last inequalities are clearly satisfied. The proof of Theorem 2 is thus
completed.
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PART I1. THE CASE OF A SYSTEM

We shall now prove a generalization to systems of the C-K theorem. The
method is an extension of the method of Part I. The classical proof of the
C-K theorem for general systems makes a reduction to the case of first order
systems. In our method, such a reduction is not needed.

We are concerned with the system

diej

(1) Di'us = fu®, tythr, - =y tpy+ - - D3 DU - 1), (1SiS)),
) D, 0) = 0, OsSEsSp—1,15isp),

where x varies in a bounded region B. The indices pi, ¢ij, 7i0; must satisfy the
conditions

©)] i 2 Qioi + Tieiy Do > Tiej for all 4, g, .

THEOREM 3. Let the functions fi(x, ¢, v) (v=(vs, - - +, v,,) with appropriate
s:) belong to class (8, 1, 1) in the region defined by xEB, |t| Sto, D v} <1} for
some to>0, v9>0, where 1 S8 Smin;,,j(Pi—"1ie;)/qici- Then there exists one and
only one solution uy(x, t) (1 S1=5p) of (1), (2) which is analytic in ¢ near t=0.
Furthermore, the u;(x, t) are of class (5, 1) for xEB, |t| =t where t,>0 is suffi-
ciently small.

As in Part I, Theorem 3 can easily be generalized to the case of non-
homogeneous initial conditions:

@ Dui(z, 0) = $a(x), OSESp—1,15i50),
provided the ¢a(x) belong to class 8. Indeed, all we need to do is to change
the unknown functions %; by introducing

Pi—1

k
) 0w, ) = iz, ) — 35— da(a), 1Sis ),
k- k!

and then apply Theorem 3 to the new system in the v;.
Proof. Let (g, ;) be the a pair of (gisj, 7ir;) Which satisfies

(6) 89i + ri = max (8gisj + 7icj)

0.5
and let (§;, #;) be a pair of (gisj, 7is;) Which satisfies

(7) i gs + 27; = max (q.',j + 27,‘,,‘).
a5

Following the method of Part I, we shall prove by induction on 7 that
for 151=Zp,

m __n+p; m+2n+2m—i.~—-2-.-—~l

(8) | Dz Dy ui(x, 0)| S HH @m+n+ pi — b — r;i — 4)!
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for all m such that m+4-2n+2p,;=g:+2#;4+1. In view of (2), (8) is satisfied
for n<0. Hence it is enough to prove that if (8) holds with n+p; replaced by
k;, for any k;<n+p;, and if =0, then (8) is satisfied.

We take H, such that

©) | DD u(x, 0)| < Ho whenever m + 2k + 2p; < g + 27 + 1.

From now on H, is fixed. H will be determined in the inductive passage from
ki<n+p; to ki=n+p;. The case n<p;—r,; can be settled quite easily. It
will be enough to consider the case n=p;—r; for all 4, g, j.

Similarly to the proof of Theorem 2, we write

(10) fi= 2w 0) - (DD
where, for simplicity, we may take s;=s (in the formulation of Theorem 3).

In order to estimate
D; D', = DL Dif;
we first introduce, for each (i, o, j),
W = D; D;"u,.

By the inductive assumptions and the definitions (6), (7), we have for any
mz0,

m+aig; L k+rigs
| D7D |
Mq¢‘j+2k+2r,~¢j—5,~-—2;,~—

H.H Om + 8qia; + b + #i0; — 8qs — 1 — 4)!

m+2k—1

S HH (om+k— 4).

| DD |
(11)

IIA

Hence, we can apply Lemma 1 in order to estimate
D:D:(D:"”.D:"'".u.,)" provided p < m, » < n.

By calculation very similar to that involving (5.6)-(5.10) of Part I, we then
obtain

(12) | D D us| < HoH™ " (om + n — )1, (1=isp).
In order to complete the proof of (8) we have to verify that
m+2n=m+ 2n 4 2p; — G — 27 — 1,
m+n—4m4+n+ p;— ¢ —r. — 4.
These inequalities reduce to
20 —7) 2 ¢+ 1, 0g: S ps — ri.
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Using the definitions (6), (7), these inequalities reduce to
(14) 2(ps — 1) 2 iei + 1, 8qirk S Pi — Tink

for appropriate ¢, j and 7, k. Now the first inequality of (14) follows from(3).
The second inequality of (14) follows from the assumption on § made in
Theorem 3. The proof is thus completed.

-PART I1I. A PROBLEM OF GOURSAT

We shall generalize the results. of Parts I, II by considering the case of
several ¢ variables. We shall consider the so called Goursat problem in its"
most general form:

T1¢ Tos

(1) DiD&y--- Diul(x, t) = f(z,t,4,+++ DDy’ - Dy uy+++)

k o
(2)  Deu(, D) gm0 = durla, 1), Osksp—1,15750),
where the following assumptions must be made:
(3) > and E b = g + 2 Tiiy for all X, 1.
J=1 jm1
m k . e .
4 Digin| timo = Diim|tymo,  forallisjsij=1,--, 0.

We have used the notation: t=(4, - - -, t,). For simplicity we shall con-
sider only the homogeneous conditions:

(5) Dy, £) | im0 = 0, OSEkSp—1,15550).

The general case then follows using an appropriate transformation. For o =2
it is:

2 pi—1 t';' p1—1 p2—1 l: tzl k
© o) =@y =2 2 —éalx ) + 2 X — — Diguls, 0).
Je=1 kw2 k! k=0 l=0 k! l!
THEOREM 4. Let f(x, t, v) (v=(v, - - -, v)) be of class (8, 1, 1) for xEB,
S <8, Y vt <u} where B is a bounded region, t,>0, v9>0, and let 158
Sminipr+ - - - FPe—r1i— * -+ —7.:)/qi. Then there exists one and only one

solution u(x, t) of (1), (5) which is analytic in t near t=0. Furthermore, the solu-
tion is of class (8, 1) for x€B, Y t: <1 for some 1>0 sufficiently small.

This theorem can also be extended to systems of equations.

Proof. For the sake of clarity we shall give the proof only in a special
typical case. The extension of the proof to the general case will be omitted
since it is similar to what we did in Part I, §5. The case we consider is that
of 0 =2, and the equation is

q_ry 1

™ D Di, = f(x, t, DD D).
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We proceed by induction to prove that

m ki ks
(8) I Dz D‘:D‘zu(x: 0: 0) I
< Ho e 4 b b — 8 — 11— 12 — 6)1.
Once (8) is established for all m, ky, k., then the proof of the theorem can be
completed by an argument quite similar to that of Part I, §2.

The proof of (8) can be carried first by induction on k; with k; being fixed
and then by induction on k.. It will be enough to describe the first induction,
since the second one is proved in the same way. We thus assume that (8) has
been proved for all k; <n-+p, and for k; and all the natural numbers smaller
than k,, and proceed to prove it for ky=n-+p, and for %, and all the natural
numbers smaller than k,. It will be enough to establish the proof only for
ki=n+p; with k. Thus we have to prove that

| D; D™ Diu(z, 0, 0) |

9) met-2nt-2p1+ 2hg—g—2ri—2ra—1

< HH Om+n+ pr+ ke— 8¢ —r1— 12— 6)L.

It is enough to take x=0.
Using the equation (7) and expanding f(x, ¢, 9) into power series in v, we
find that

Dr D™ Do, 0) = I:DZ‘ DiD ™ Y ai(x, [ DiD:: Ditu(x, t)]‘]

s Zm(, {m=0

We now introduce the function

q_r 1

W(x, {) = DDy Dou(z, t)
and find, by the inductive assumption, that
| DL DLW | < BE™ " o+ v+ A —6)l, (u S myy S n NS B2 — o).

Hence we can apply a slightly modified version of Lemma 1 and obtain, after
some calculation similar to that in Part I, §4,

| m . n+py ke m4-2n4-2k9—2pg

(10) DDy "'Dou| < HoH (m + n+ ks — po— 6).
(9) would follow from (10), if
m+ 2+ 2k — 2ps Sm+ 2n+2p 4 2ks — g — 2r— 212 — 1,
m+n+hk—po—6=Zm+n+p+ks—¢g—ri—r.—6.
These inequalities reduce to

2pr+pr—ri—r)Zqg+1, 8= (prtp—ri—r)
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The last two inequalities however follow from (3) and the assumption of the
theorem concering 8.

PaArT IV. MIXED PROBLEMS

In recent papers [8; 9] Duff considered mixed problems for linear systems
by first studying the analytic case and then, by approximation, generalizing
it to nonanalytic systems of hyperbolic type. The analytic system can be
written, after some reduction, in the form

Do, =Y anDy, + L(v,,w) +f, QA Sr<R-—up),
Dyw, = L.(v,, w,) + [+, (R-—p+1=r=DR),
%= D catn + g (1SrSR-—pont=0,
wy = ) dnv, + g, (R—p+1Sr=pons=0,

where a,,, ¢, d) are analytic functions in (x, ¢, ) and the L, are linear func-
tions of v,, w,, D.v,, D,w, with coefficients analytic in (x, ¢, ¢). Here and in
the following, x=(x,, - - -, xx), and o, ¢ are real variables.

The system (1) is solved in [8] by the method of majorants of C-K; the
majorant problem however is far more complicated than that constructed for
the C-K system. In this part we extend our method and derive existence of
analytic solutions for nonlinear systems which contain (1) as a very special
case.

For simplicity we first consider a special but typical case, namely,

1)

(2) Dw = f(x, 0, t, v, w, Dy, D;w, D,v),

3) Dw = g(x,0,t,v,w, D, Daw), .
4) v = h(x, o, w), ont =0,
(5) w = k(x, ¢, v), ong = 0.

We assume that (4), (5) hold for (x, g, ¢, v, w) = (0, 0, 0, v°, w®) =4 and that
14+h,.k,#0 at A. We first reduce the above system to a new system with
h=k=0.

By (4) we have, for ¢=0,

v=h, Doy = h, + h,D.w.
Substituting this into (3) we obtain
(6) D,w = g(x, 0, w, Dw), fort = 0,

with appropriate 8. Under the assumption that f, g, k, k are analytic functions
in appropriate domains, we conclude that 2 is analytic and that the solutions

v(x, 0, 0) = ¢l(x)7 w(x, 0, 0) = ¢2(x),

of (4), (5) are also analytic. Hence, the equation (6) with the initial condition
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w=¢, has an analytic solution w(x, ¢, 0) =y, (x, o) near (x, a) = (0, 0).
Substituting this solution into (4) we get
v(x, 0,0) = h(x) o, ¥i(x, 0)) = ¢2(xn a')-
We now perform the transformation

o(x, 0, 1) = v(x» o, t) — ¢2(x) a), zb(x, o, t) = w(x, 0,0 — k(x’ 3 v(x) o, 1).

Clearly, this is a reversible transformation, that is, v and w can be calculated
in terms of 9, %. Hence, if we prove existence of an analytic solution 9, @,
then the existence of an analytic solution v, w will follow. It is easily seen that
9, W satisfy a system of the form
@) Dy = f(x, o, t, v, w, Dv, D;w, D,v),
(8) D,w = g(x, a,t, v, w, Dv, D;w, D,v),
with v, w, f, g replaced by 9, w, f, 2.

We have thus proved that the system (2)—(5) is reducible to a system
composed of (7), (8) and
(9) v(x, a, 0) = 07
(10) w(x,0,8) = 0.

We shall state our theorem for the reduced system (7)-(10).

THEOREM 5. Let f, g be analytic functions in all their variables in a neighbor-
hood of the origin. Then the system (7)—(10) has one and only one analytic solu-
tion v(x, o, t), w(x, o, t) in a neighborhood of the origin.

Proof. We wish to prove by induction on n that

(1) | DiD% Ditt|omrco < Ho Hy (1 +m+ n — 4)1, (' = max(l, 3)),
forl=z0,m=3,n=<2,
1-3__m-3

(11") | DD} Dt |omimo < HoHy Hy (L4 m + n — 4)),

forlz0,m=4,n <2,
1-3_m—3_n—2

(11) | DD} Ditt|omimo < HoHy Hy "Hs " (L +m~+n—4)),
forlgo,mgo,n%3y

for u=9v, w. Here, the functions D.D™D?u are determined successively by
differentiating the equations (7), (8). Once (11’") and (11) are established, the
proof of Theorem 5 is completed by extending the argument of Part I, §2.
To derive (11’), we make use of (9), (10) and of Lemma 1 (slightly modi-
fied). Since this is quite similar to the derivation of (11”’) and (11) below,
we omit details. From now on, H,, H; are fixed, and Hy=1. The proof
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of (11”) for n=0, u=v is trivial in view of (10). The proof of (11") for
n=0, u=w follows by using (7), (9), (10) and Lemma 1 (slightly modi-
fied). To derive it for n=1, u=v, we apply Di.D™D, to (7) and make use
of (11’), of (11””) with n=0 and of Lemma 1 (slightly modified). Next we ap-
ply D.D?D; to (8) and estimate DiD"*'D}w by induction on m, the expres-
sion DiD?w being zero, by (10). The case n=2 is treated similarly. We shall
not describe here a detailed derivation of (11’’) since it is similar to the deriva-
tion of (11). We now proceed to derive (11) by induction on n. We assume it
for » and prove it for n+1. Note that H,, H, are now fixed, and that H; will be
determined in the passage from % to n+1 (independently of ). We may as-
sume, to begin with, that H,> H?, H;> H H?.

We apply DiD7D} to (7) and make use of the inductive assumptions and
of Lemma 1 (slightly modified). We obtain after some calculation (provided
H; is sufficiently large, independently of I, m, n),

1 m_nitl -2 _m—2_n—2

(12) | D.D; D" v| < K\HH, H: Hy (I+m+n—3)!

where K; are used to denote constants independent of H,, Hy, Hy, I, m, n. In

order tocomplete the estimation of vfor 41, we only have to take Hy > K, H,H,.
We turn to w. By (10), DiDfw=0 at ¢ =¢=0, for all , k. We proceed to

estimate DyD7D}*'w (at ¢ =¢=0) by induction on m. We assume that

1 _u_ntl 1-2__u—2__n—2

(13) | D:D;D{" w| < KHHy Hy Hy (+p+n—3)!

for all w <m and proceed to prove it for u=m=+1. Applying DLD™D?*! to (8)
and using the inductive assumptions, (12) and Lemma 1 (in a slightly modi-
fied form), we obtain after some calculation

1 _m41_ntl 1-2_m—1_n—-2 m—32_n-—-2

| .0 ' D' w| < (KoK HoH: Hy Hy ' + K.KHoH{ H, H,

14 % w1
(14) + K HoH: Hy 'Hy ) +m+n— 2),

where K3, K, are independent of K. Here we made use of the fact that H,,
H,; are sufficiently large (right from the beginning) depending only on g, and
of the inequality H;> H,. To complete the proof of (13) by induction on g,
we only have to assume at the beginning of the proof that

K > 3K;:K,, H; > 3K;, K > 3K,

Having proved (13) for all u, we take Hy> KH H,, and the proof of (11)
for n replaced by n+41 and #=w is completed.

Theorem 5 can be immediately extended to the case wherev=(vy, * « - ,9,),
w=(wy, - - -, w,) and the proof is essentially the same. This extension can be
carried out also for the system (2)-(5). We shall now consider systems of
higher order equations of the form
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P Gt{r Te5T ‘i;" Qijr Rijr si)f
(15) D‘l”‘ =fi(x’ AR D D v+, D, D, D v ))

(1=1,"-,n),
Dt.jrwn" <)

G=1-:+,v),
Sp—-L1sisp)ont =0,
=P —-115iZv)ont,=0.

(16) D;:,‘w; = gi(x, ¢, - D‘:'"D.;”D,;"v,, oo, Dy "'DR"'
¢Y)) Dl:lv.' =0,
(18) Diw; = 0,
Here t=(t,, t;). We assume that
Pi 2 Gijr + rije + Siiy pi 2 Qijr + Rije + Sijny
Pi = Gijr + Fije + Siir, pi = Oijr + Rije + Sijr,
pr > Tijey e > Rijry pe > Fijey e > Rijry, Pe > Sir.

II/\

II/\

We then can prove:

If the f., gi are analytic in all their variables in a neighborhood of the origin,
then the system (15)—(18) has one and only one solution vi(x, t), w;(x, t) analytic
in (x, t) in a neighborhood of the origin.

The proof is based on the proof of Theorem 5, and makes use of some
technical devices used in the proofs of Theorems 2, 3.

We remark that the last result can be extended to the case of nonhomo-
geneous initial values and also to equations with certain degree to non-
analyticity in x. Finally, it can be extended to the case t=(t, - - -, tu).
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